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Abstract: We consider theoretically nonlinear effects in a semiconductor
quantum well embedded inside a photonic microcavity. Two-photon
absorption by a 2p exciton state is considered and investigated; the matrix
element of two-photon absorption is calculated. We compute the emission
spectrum of the sample and demonstrate that under coherent pumping the
nonlinearity of the two photon absorption process gives rise to bistability.
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berg, G. Christmann, R. Butté, E. Feltin, J.-F. Carlin, and N. Grandjean, “Room-temperature polariton lasing in
semiconductor microcavities,” Phys. Rev. Lett. 98(12), 126405 (2007).

19. Ayan Das, Junseok Heo, Marc Jankowski, Wei Guo, Lei Zhang, Hui Deng, and Pallab Bhattacharya, “Room
temperature ultralow threshold GaN nanowire polariton laser,” Phys. Rev. Lett. 107(6), 066405 (2011).

20. R. Schmidt-Grund, B. Rheinlnder, C. Czekalla, G. Benndorf, H. Hochmut, A. Rahm, M. Lorenz, and M. Grund-
mann,“ZnO based planar and micropillar resonators,” Superlattic. Microstruct. 41(5-6), 360-363 (2007).

21. S. Kena-Cohen and S. R. Forrest, “Room-temperature polariton lasing in an organic single-crystal microcavity,”
Nature Photonics 4, 371-375 (2010).

22. T. C. H. Liew, I. A. Shelykh, and G. Malpuech, “Polaritonic devices,” Physica E 43(9), 1543-1568 (2011).
23. K. V. Kavokin, M. A. Kaliteevski, R. A. Abram, A. V. Kavokin, S. Sharkova, and I. A. Shelykh, “Stimulated

emission of terahertz radiation by exciton-polariton lasers,” Appl. Phys. Lett. 97(20), 201111 (2010).
24. A. V. Kavokin, I. A. Shelykh, T. Taylor, and M. M. Glazov, “Vertical cavity surface emitting terahertz laser,”

Phys. Rev. Lett. 108(19), 197401 (2012).
25. C. Weisbuch, M. Nishioka, A. Ishikawa, and Y. Arakawa,“Observation of the coupled exciton-photon mode

splitting in a semiconductor quantum microcavity,” Phys. Rev. Lett. 69(23), 3314-3317 (1992).
26. I. G. Savenko, O. V. Kibis, and I. A. Shelykh, “Asymmetric quantum dot in a microcavity as a nonlinear optical

element,” Phys. Rev. A 85(5), 053818 (2012).
27. A. V. Kavokin, J. J. Baumberg, G. Malpuech, and F. P. Laussy, Microcavities (Oxford University, (2007)).
28. V. D. Kulakovskii, A. I. Tartakovskii, D. N. Krizhanovskii, A. Armitage, J. S. Roberts, and M. S. Skolnick,

“Two-dimensional excitonic polaritons and their interaction,” Phys. Usp. 43(8), 853-857 (2000).
29. N. A. Gippius, S. G. Tikhodeev, V. D. Kulakovskii, D. N. Krizhanovskii, and A. I. Tartakovskii, “Nonlinear

dynamics of polariton scattering in semiconductor microcavity: Bistability vs. stimulated scattering,” Europhys.
Lett. 67(6), 997 (2004).

30. D. M. Whittaker, “Effects of polariton-energy renormalization in the microcavity optical parametric oscillator,”
Phys. Rev. B 71(11), 115301 (2005).

31. A. Baas, J. P. Karr, M. Romanelli, A. Bramati, and E. Giacobino, “Optical bistability in semiconductor microcav-
ities in the nondegenerate parametric oscillation regime: Analogy with the optical parametric oscillator,” Phys.
Rev. B 70(16), 161307(R) (2004).

32. N. A. Gippius, I. A. Shelykh, D. D. Solnyshkov, S. S. Gavrilov, Yuri G. Rubo, A. V. Kavokin, S. G. Tikhodeev,
and G. Malpuech, “Polarization multistability of cavity polaritons,” Phys. Rev. Lett. 98(23), 236401 (2007).
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1. Introduction

Polaritonics is a rapidly developing branch of science lying at the intersection of the physics
of semiconductors, quantum mechanics and nonlinear optics. The interest in this field has been
stimulated by a series of fascinating experimental and theoretical discoveries, which demon-
strate that a variety of quantum collective phenomena can be observed in polariton systems
including: Bose-Einstein condensation (BEC) [1–3] and superfluidity [4–6]; the Josephson ef-
fect [7]; and the formation of various topological excitations such as vortices [8–10] and soli-
tons [11–14], as well as other spatial patterns [15–17]. While most fundamental studies have
been performed at low temperature, experiments in GaN [18, 19], ZnO [20] and organic [21]
microcavities demonstrate devices working at room temperature. Now it becomes obvious, that
polaritonics has a huge potential for technological applications [22].

Polaritonics stems from the proposal that quantum microcavities can be used as efficient
sources of THz radiation [23], which needs efficient pumping of the 2p excitonic state. It can
not be excited under single photon absorption due to optical selection rules. In one of the re-
cent publications [24], some theoretical aspects of THz radiation emission under two-photon
excitation were considered. The consideration was based on the master equation approach. The
two-photon absorption and THz emission were investigated as incoherent processes. This kind
of consideration, however, is not always applicable. One can imagine the situation when the
two-photon transition is tuned in resonance with the energy of the confined electromagnetic
mode of a cavity. In this case, the coupling is of resonant character and the theoretical descrip-
tion should be performed along another route. Theoretical consideration of this regime is the
subject of the present paper.

We consider a cavity which is subject to two-photon resonant excitation, in which takes place,
pumping of the dark (2p) exciton state. Instead of considering the strong coupling between near
resonant photons and 1s excitons [25], we uncover a different kind of exciton-polariton gener-
ated by the non-linear coupling of photon pairs with 2p excitons. Similiar to the conventional
case, a characteristic splitting of the photoluminescence spectrum is observed. However, the
value of the Rabi splitting now becomes dependent on the intensity of the pump due to the non-
linear nature of the two photon absorption. This nonlinearity also results in the onset of bistable
behavior.

2. Polaritonics with 2p dark exciton state

We consider the following geometry (Fig. 1): a quantum well (QW) with 2p excitonic transition
having energy h̄ωp placed inside a planar microcavity supporting the photonic mode of energy
ω2c ≈ ωp/2. In this configuration the cavity mode can resonantly interact with the 2p excitonic
state.

The Hamiltonian of the system reads:
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Fig. 1. Geometry of the structure. We consider a microcavity, which is made by Bragg
mirrors, with the quantum well inside, where a 2p excitonic state can be excited by two
photons(red curves) with energy h̄ω2c each.

Ĥ = h̄ωp p̂† p̂+ h̄ω2câ
†â+g

(
p̂â†â† + p̂†ââ

)
, (1)

where the operators p̂, â correspond to 2p dark excitons and photons respectively and sat-
isfy bosonic commutation relations. The first two terms in Eq. (1) describe free excitons and
photons and the last term corresponds to the resonant interaction between them, where g is the
two photon-exciton coupling constant calculated in Appendix using second-order perturbation
theory:

g =

√
S
2

(
−qA0

μ

)2

∑
n

i
√

Egm2
0√

2m∗ Φn(0)
∫

d�rR21(�r)�rR10(�r)

2ω− (Eg−En +ω)

im0

h̄
√

2
(E2p−Ens), (2)

where S is a quantization area of the sample; m0, m∗ and μ are the free electron, effective and
reduced exciton masses, respectively; q is the elementary charge of the electron; Eg is the band
gap of the material; ω is the energy of the photon; En are the eigenvalues of the 2D Hydrogen
atom; Φn(�r) and R21(�r), R10(�r) are normalized angular and radial eigenfunctions of the 2D
Hydrogen atom, which are written explicitly in the Appendix, Eqs. (30) and (31), respectively,
and �A is the vector potential, which can be writen in the dipole approximation:

�A =�eA0, A0 =

√
h̄

2εε0ωLS
, (3)

where ε0 and ε are vacuum and material permitivities; L is the length of the cavity.
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2.1. Energy levels for the case of an ideal cavity

Note, that the Hamiltonian (Eq. (1)) commutes with the excitations’ number operator N̂ = â†â+
2p̂† p̂, that means that the eigenvectors of these two operators coincide and the Hilbert space
of the problem can be represented as a direct product of the manifolds corresponding to given
numbers of N. Each manifold consists of �N/2� basis vectors: |N,0〉, |N− 2,1〉, ...., |0,N/2〉
for even N and |N,0〉, |N− 2,1〉, ...., |1,N− 1/2〉 for odd N. Here the first number in kets cor-
responds to the number of photons, and the second number to the number of 2p excitons. The
matrix element of Hamiltonian (Eq. (1)) between any two vectors belonging to manifolds with
different N is zero. This means that determination of the spectrum of the problem consists in
diagonalization of N×N matrices, each of which has a finite size.

For N = 0 and N = 1 the result is trivial and the corresponding energies are E0 = 0 and
E1 = h̄ω2c respectively. The cases of N = 2,3 are also straightforward to consider, as the size
of the reduced Hamiltonian for the manifold is 2×2 in these cases:

H2 =

(
2h̄ω2c g

√
2

g
√

2 h̄ωp

)
, H3 =

(
3h̄ω2c g

√
6

g
√

6 h̄(ωp +ω2c)

)
, (4)

and the eigenenergies in the case of resonance 2ω2c = ωp are

E2 = 2h̄ωc±g
√

2, E3 = 3h̄ωc±g
√

6. (5)

Consideration of the states with larger numbers of photons requires diagonalization of matrices
of higher size. The energy spectrum is represented in Fig. 2(a).

2.2. Spectrum of emission

If the mirrors of the cavity are not perfect and some photons tunnel through them, the system
can emit in the outside world. The spectrum of emission is determined by the energy distances
between the levels corresponding to N and N− 1 manifolds and the intensities of the transi-
tions will be proportional to squares of the matrix elements of the photon annihilation operator
Ii f ∼ |〈Ψout |â|Ψin〉|2 p(Ψin), where |Ψin〉 is an initial wavefunction in the manifold with N cav-
ity photons and |Ψout〉 is a final wavefunction in the manifold with (N-1) cavity photons. p(Ψin)
represents the probability of occupation of the initial state [26]. Likewise assume that the num-
ber of excitations in the system is sufficiently to apply the central limit theorem. In this case the
occupation of states with different numbers of particles is described by a Poisson distribution:

p(λ ;N) =
λ Ne−λ

N!
. (6)

Figure 2(b) shows the total photoluminescence emission spectrum.
It is well-known, that in the case of one photon and a resonant 1s bright exciton in a standard

semiconductor microcavity the energy splitting does not depend on the occupation number and
equals ΔΩR,S = 2gs, if gs is the bright exciton- single photon coupling strength. Considering
our system with two-photon absorption for large N (N >> 1), and substituting a,a†→√N one
immediately obtains ΔΩR ≈ 2g

√
N. Accounting for finite lifetime of the photons and excitons,

one obtains [27]:

ΔΩR ≈
√

4g2N− (γa− γp)2

4
. (7)

Varying the number of the excitations, which can be done by increasing of the pump power,
one can thus change the Rabi splitting in the system. Note that coupling constant g scales
with the quantization area as g∼ (S)−1/2, so g2N depends on the concentration of the photons
na = N/S only.
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Fig. 2. (a) Energy levels of the QW with 2p excitonic transition placed inside the micro-
cavity. We consider the case when the exciton energy is h̄ωp and the photon energy is
ω2c ≈ ωp/2. Possible transitions for N = 1,2,3,4 manifolds for the ideal cavity are rep-
resented on the right side of the figure (a). (b) Emission spectrum of the system. The in-
tensity of transitions from individual levels is presented by the blue lines. We consider the
case when ω2c ≈ωp/2 = 0.71eV,g = 0.025meV and the average number of the excitations
in the system 〈N〉 = 30 and the statistics of photons is Poissonian. Including a Lorentzian
broadening of each transition line, gives the double peak spectrum of emission shown by
the red curve. We consider broadening equals 0.05meV . One can define the value of the
Rabi splitting in the system as the distance between the two peaks.

3. Classical field equations for coherent pump

To investigate the dynamics of the system under coherent pump with account for finite lifetimes
of the photons and dark excitons in the cavity, the approach should be modified. We will use
a system of coupled nonlinear equations for the dynamics of the macroscopic wavefunctions
describing cavity photons and dark excitons. The latter can be obtained in the following way.
First, let us write the Heisenberg equations of motion for the operators p̂ and â:

ih̄
d p̂
dt

=
[
p̂,Ĥ

]
= h̄ωp p̂+gâ2, (8)

ih̄
dâ
dt

=
[
â,Ĥ

]
= h̄ωaâ+2gp̂â†. (9)

Then, one should take averages of the above equations thus passing from the operators to the
mean values as p̂→〈p̂〉= Tr{ρ p̂}. We present a mean product of several operators by products
of the mean values of the operators (e.g. 〈 p̂â†〉 → 〈 p̂〉〈â〉∗,〈â2〉 → 〈â〉2). This approximation
is relevant for coherent statistics. Finally, we phenomenologically introduce the lifetimes of
the modes and external coherent pumping of cavity photons (by a coherent laser beam) with
frequency ω . As a result, Eqs. (8) and (9) transform into the following system of nonlinear
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differential equations:

d p̂
dt

= −(iωp +
γp

h̄
) p̂− iΩpâ2, (10)

dâ
dt

= −(iωa +
γa

h̄
)â−2iΩp p̂â∗ − i

h̄
Pe−iωt . (11)

where γp,a = 1/(2τp,a) with τp,a being lifetimes of the modes, P is the amplitude of the
coherent pump and Ωp = g/h̄. Making a substitution â← âe−iωt , p̂← p̂e−2iωt , in the stationary
regime the equations read:

(ih̄Δp + γp)p+ ih̄Ωpa2 = 0, (12)

(ih̄Δa + γa)a+2ih̄Ωp pa∗ =−iP, (13)

where Δp = ωp−2ω,Δa = ωa−ω , which can be reduced to:

(ih̄Δa + γa)a+
2h̄2Ω2

p

ih̄Δp + γp
|a|2a+ iP = 0. (14)

This result can also be written in terms of the real functions describing the number of the
photons, Na = |a|2 and excitons, Np = |p|2:

Na
[
1+ c1Na + c2N2

a

]
= Ia, (15)

Np =
g2N2

a

γ2
p + h̄2Δ2

p

, (16)

where

c1 =
4g2(γaγp− h̄2ΔaΔp)

(h̄2Δ2
p + γ2

p)(h̄
2Δ2

a + γ2
a )

, (17)

c2 =
4g4

(h̄2Δ2
p + γ2

p)(h̄
2Δ2

a + γ2
a )

, (18)

Ia =
|P|2

h̄2Δ2
a + γ2

a

. (19)

Equation (15) is a cubic equation for Na. The results are represented in Fig. 3(a) for the
following parameters corresponding to the system: γa = 0.05 meV , γp = 0.01 meV , and three
different values of detunings Δa and Δp. These curves reveal an S-shaped dependence of the
mode populations on the intensity of the pump, which characterizes the phenomenon of bista-
bility, which is well-known in semiconductor microcavities [28–34]. If the value of the pumping
intensity lies in the bistable zone, the system can, in principle, occupy more than one possible
state, and the particular choice of this state depends on the history of the evolution.

Bistability is a fundamental ingredient of several devices based on semiconductor micro-
cavities, such as memory elements [35], spin switches [36], spin patterns [37, 38], and optical
circuit designs [39, 40]. However, there is substantial difference between the previous works
and the paradigm developed in our paper. Indeed, in most of the previous approaches bistability
resulted from the exciton-exciton (Coulomb and exchange) interaction, even in THz emitting
systems [41]. Here, the bistability arises due to the nonlinearity of the two-photon absorption
process. It should be noted that, still, excitons are present in the system and their interaction can,
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Fig. 3. Considering the finite lifetime of the photons and external coherent pumping of the
cavity, we observed a bistable behaviour of the number of photons on intensity of the co-
herent pump. (a) The parameters are varied for detuning of the system: (red dashed line)
h̄Δa = 0.375meV, h̄Δp = 0.75meV ; (green dot line) h̄Δa = 0.25meV, h̄Δp = 0.5meV ; (blue
bold line) h̄Δa = 0.125meV, h̄Δp = 0.25meV . The influence of the exciton-exciton interac-
tion on the hysteresis curve is illustrated in figure (b), where the cases of αp=0 (red dashed
curve) and αp = 6EBa2

B/S (red solid curve) are presented. The detuning parameters are
h̄Δa = 0.375meV, h̄Δp = 0.75meV .

in principle, change the physical behavior. The exciton-exciton interaction can be accounted for
by means of the term:

Hint =
αp

2
p̂† p̂† p̂ p̂, (20)

which should be added to Hamiltonian (Eq. (1)). Then, the equations of motion change to:

d p̂
dt

=−(iωp +
γp

h̄
) p̂− iΩpâ2− i

h̄
αp p̂† p̂ p̂, (21)

dâ
dt

=−(iωa +
γa

h̄
)â−2iΩp p̂â∗ − i

h̄
Pe−iωt , (22)

and in the stationary regime we obtain the following solution:

na +
4((γaγp− h̄2ΔaΔp)np− h̄Δaαpn2

p)

(h̄2Δ2
a + γ2

a )
+

4g2npna

(h̄2Δ2
a + γ2

a )
= Ia. (23)

To define the constant αp, we use the formula αp ≈ 6EBa2
B/S, where EB is the exciton bind-

ing energy, aB is the exciton Bohr radius and S is the laser spot area [42]. In QWs based on
GaAs-based alloys, we can use the parameters: EB ≈ 19.2 meV and aB = 5.8 nm. The result is
presented in Fig. 3(b).

As one can see the exciton-exciton interaction term changes the shape of the bistable behavior
of the system. It becomes more extended on intensity of the coherent pump. The density of the
excitons compared with the non-interacting case decreases as well. We therefore conclude that
the influence of the nonlinearity of the two-photon absorption on the bistability of the system is
comparable with the contribution of exciton-exciton interactions. For simplicity, here we have
considered a single spin degree of freedom, which corresponds to the case in which a circularly
polarized optical pump excites 2p excitons with a single spin polarization. Indeed, we do expect
a variety of spin sensitive phenomena to take place in the system with different polarizations of
pumping. Note that the polarization of 2p excitons can still be controlled via the polarization of
the optical pumping, allowing analogous effects to those in conventional microcavities [43].
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4. Conclusions

We developed a theoretical approach for the description of strong light-matter interaction in a
system with two-photon absorption processes. We calculated the photoluminescence spectrum,
where a splitting occurs due to the coupling between photons and 2p dark-excitons in the two
photon absorption process. We developed the mean-field equations, valid under coherent excita-
tion of the system, and demonstrated that the nonlinearity of the two-photon absorption process
gives rise to the phenomenon of bistability. The two-photon to 2p exciton matrix element was
accurately calculated. This formalism is not only directly applicable for device construction,
but also highlights the nonlinear nature of the system, which may be useful for the realization
of quantum optical devices under coherent pumping [44, 45].

5. Appendix

In the present appendix we calculate the matrix element of two-photon absorption using second
order perturbation theory. The excitation of the 2p exciton state can occur, mediated by a virtual
state representing the state of the system after the absorption of a photon. The virtual states of
s-type are the only ones allowed by selection rules and the transition from an s-type state to
the 2p exciton state occurs with the absorption of the second photon. The total two-photon
absorption matrix element is given by summing over all virtual s-type states.

The Hamiltonian in the case of exciton-photon interaction can be written in the form:

Ĥ =
(�̂pe−qe�Ae)

2

2me
+

(�̂ph−qh�Ah)
2

2mh
+U(�re−�rh), (24)

where qe and qh are the elementary charges of an electron and hole, respectively; me and mh are
the electron and hole effective masses, respectively; U(�re−�rh) is the electron-hole interaction
potential; �̂pe and �̂ph are the quasi-momenta; �A is the vector potential of the electromagnetic
field. In the dipole approximation, the vector potential does not depend on coordinate and reads:

�Ae = �Ah =�eA0, A0 =

√
h̄

2εε0ωV
, (25)

where�e is a unit vector describing the light polarization. Here ε0 and ε are the vacuum and the
relative permittivity, respectively; ω is the frequency of exciting light; V is the cavity volume,
V ≈ (λ/2n)S, where λ is the wavelength of the fundamental cavity mode; n is the refractive
index of the material and S is the area of the laser spot which roughly defines the area in which
excitons exist. Keeping the terms linear in �A and introducing the center of mass coordinates,
we obtain the equation for the perturbation operator:

Ŵ =−qA0

μ
�e · �̂p, (26)

where �̂p is the quasi-momentum of the relative electron-hole motion, q = |qe| = |qh| and μ =
memh/(me +mh) is the reduced mass. The intrinsic motion of the exciton can be described by
the Hamiltonian:

Ĥ =
�̂p

2

2μ
+U(r). (27)

We will not consider the motion of the center of mass, as in dipole approximation it does not feel
any influence of light at normal incidence. The eigenfunctions and eigenstates will be similar in
form to eigenfunctions and eigenstates for the 2D Hydrogen atom with the difference that the
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reduced mass ’μ’ replaces the free electron mass, the material permitivity replaces the vacuum
permitivity and energies are taken with respect to the band-gap [46]. The eigenstates for a 2D
systen are described by the Schrödinger equation, which in polar coordinates reads:

(
− h̄2

2μ

[
∂ 2

∂ r2 +
1
r

∂
∂ r

+
1
r2

∂ 2

∂φ 2

]
− q2

4πε0εr

)
ψ(r,φ) = (E−Eg)ψ(r,φ), (28)

where Eg is the semiconductor band-gap.
Using separation of variables

ψ(r,φ) = R(r)Φ(φ), (29)

we obtain the normalized angular and radial eigenfunctions:

Φ(φ) =
1

(2π)1/2
eilφ , l = 0,±1,±2, ... (30)

Rnl(r) =
βn

(2|l|)!
[

(n−|l|−1)!
(2n−1)(n−|l|−1)!

]1/2

(βnr)|l|e−βnr/2
1F1(−n+ |l|+1,2|l|+1,βnr), (31)

where n and l are principle and angular momentum quantum numbers, respectively;

βn =
2

4πε0ε(n−1/2)
μe2

h̄2 , (32)

and 1F1 is the confluent hypergeometric function.
The 2D eigenvalues are:

En = Eg− 1
2(4πε0ε)2(n−1/2)2

μq4

h̄2 . (33)

The process we are interested in goes through the virtual state, and the transition can be
described by means of second-order perturbation theory. The corresponding matrix element is:

Mfi = ∑
ξ

〈 f |Ŵ |ξ 〉〈ξ |V̂ (1)|i〉
Ei−Eη

+ 〈 f |V̂ (2)|i〉. (34)

Here V̂ (1) and V̂ (2) are perturbation operators of the first and second order, respectively. In
Eq. (34) summation over ξ means summation over η (the virtual levels) and integration over
momentum. Here i is the initial state: there are 0 excitons, 2 photons in the system. It can be
described by:

|i〉= δ (�re−�rh), Ei = 2ω, (35)

η is a virtual state with one exciton and one photon:

|η〉= Fη(�re,�rh) =
ei

�Pc
h̄
�Rc

√
S

ψη(�r), Eη = Eg−En +ω. (36)

Here f denotes a final state, which describes excitation of the 2p level. Substituting the wave-
functions into the equation for the matrix elements, one can obtain:

〈η |V̂ (1)|i〉 =−qA0

μ
(�e · �̂p)cv

∫
d�re

∫
d�rhδ (�re−�rh)Fη(�re;�rh) =
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=−qA0

μ
(�e · �̂p)cvRη(0)

1√
S
(2π h̄)2δ (�Pc), (37)

〈 f |Ŵ |η〉 =−qA0

μ

∫
d�Rc

∫
d�rF∗η ′(�re;�rh)�e · �̂pFη((�re;�rh)) =

=−qA0

μ
δ (�P′c−�Pc)

1
S
(2π h̄)2

∫
d�rR∗η ′(�r)�e · �̂pRη(�r) =

=−qA0

μ
(�e · �̂p)η ′η

1
S
(2π h̄)2δ (�P′c−�Pc), (38)

where (�e · �̂p)cv is the matrix element of transition between valence and conduction band Bloch
functions. The matrix element 〈 f |V̂ (2)|i〉 is equal to zero as a consequence of orthogonality of
the Bloch amplitudes of the conduction and valence bands.

The full matrix element takes the form:

Mfi =
√

S

(
−qA0

μ

)2

∑
η

(�e�̂p)η ′η(�e�̂p)cvψη(0)

2ω− (Eg−En +ω)
. (39)

First, let us find the interband matrix element 〈η |V̂ (1)|i〉. Built on the Bloch functions, this
matrix element can be estimated from the k ·p method:

1
m∗
≈ 2|(�e�̂p)cv|2

Egm2
0

, (40)

or using rudimentary considerations,

ih̄
dx̂
dt

= ih̄
p̂

m0
=
[
x̂;Ĥ

] ⇒ 〈c|p̂|v〉 ≈ i
h̄

m0aEg. (41)

Thus,

(�e�̂p)cv ≈
i
h̄

Egam0, (42)

where Eg is the bandgap and a is the lattice constant.
Second, one should find the term (�e�p)η ′η . In polar coordinates, the momentum operator can

be presented as:

p̂ =−ih̄�̂=−ih̄

(
r̂

∂
∂ r

+ φ̂
1
r

∂
∂φ

)
, (43)

and for circularly polarized light:

�e · �̂p =− ih̄√
2

eiφ
(

∂
∂ r

+ i
1
r

∂
∂φ

)
. (44)

Due to angular momentum conservation, the possible η states have the orbital momentum equal
to zero. The radial wavefunction is then:

Rn0 = βn
1√

2n−1
e−

βnr
2 1F1(−n−1,1,βnr) =

= βn
1√

2n−1
e−

βnr
2 L0

n−1(βnr). (45)

We are interested in the case when the final state is the 2p state, n = 2, l = 1 :

R21 =
β 2

2√
6

re−
β2r

2 . (46)

#188332 - $15.00 USD Received 8 Apr 2013; revised 25 May 2013; accepted 27 May 2013; published 18 Jun 2013
(C) 2013 OSA 1 July 2013 | Vol. 21,  No. 13 | DOI:10.1364/OE.21.015183 | OPTICS EXPRESS  15193



Using definition of momentum we can switch from the momentum to coordinate operator:

〈2p|p̂|1s〉= 〈2p|m0
i
h̄
[Ĥ , r̂]|1s〉= im0

h̄
(E2p−E1s)〈2p|r̂|1s〉. (47)

As a result, the matrix element can be presented in form:

〈 f |Ŵ |η〉 =−qA0

μ
δ (�P′c−�Pc)

(2π h̄)2

S
δ (�P′c−�Pc)

∫
d�rR∗η ′(�r)�e�̂pRη(�r) =

=−qA0

μ
δ (�P′c−�Pc)

(2π h̄)2

S

∫
d�rR∗η ′(�r)

eiφ
√

2

(
ih̄

∂
∂ r

)
Rη(�r) =

=−qA0

μ
δ (�P′c−�Pc)

(2π h̄)2

S

∫
d�r

eiφ
√

2

im0

h̄

(
Eη ′ −Eη

)
R∗η ′(�r)�rRη(�r), (48)

〈2p|Ŵ |ns〉 =−qA0

μ
δ (�P′c−�Pc)

eiφ
√

2

im0

h̄
(E2p−Ens)

(2π h̄)2

S

∫
d�rR∗2p(�r)�rR1s(�r). (49)

The overlap integral can be calculated as:

∫
d�rR21(�r)�rRn0(�r) =

243(n−2)n−3(n+1)−n−2(2n−1)5

(μq2/(πε0ε h̄2))4

β 2
2 βn√

6(2n−1)
. (50)

We did not take into account n = 2, since the energy splitting between the 2s and 2p levels is
insignificant compared to the other levels (causing (E2p−E2s) to vanish). Finally,

M2p,i =
√

S

(
−qA0

μ

)2

∑
n

i
√

Egm2
0√

2m∗ Φn(0)
∫

d�rR21(�r)�rR10(�r)

2ω− (Eg−En +ω)

im0

h̄
√

2
(E2p−Ens). (51)

For a GaAs structure, a = 5.6 Å, S = πR2, R = 0.1 μm, Eg = 1.42 eV , ε = 12.9, n = 3.312,
λ = 800 nm, μ = 0.058m0, m∗= 0.067m0. This matrix element is connected with the interaction
constant ’g’, which describes interaction between photons and exciton in the Hamiltonian H =
gp̂â+â++gp̂+ââ.

M2p,i = 〈2p|Ĥ |2ω〉= g〈2p|p̂â+a++ p̂+ââ|2ω〉= g
√

2. (52)

It is approximately equal to 0.025 meV.
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