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This presentation will summarize our work on excitons in one-dimensional Dirac and two-dimensional Weyl 

systems which are used to model low-energy physics of narrow-gap carbon nanotubes and graphene respectively.   
Optical transitions and excitons in semiconductor carbon nanotubes have been a subject of extensive research[1]. 

Significantly less is known about the dipole transitions across narrow gaps in quasi-metallic carbon nanotubes and 
excitonic effects associated with these transitions. The small band gaps, which cannot be obtained within a simple 
graphene zone-folding model, appear in quasi-metallic nanotubes due to curvature effects[1] or can be opened in 
truly metallic (armchair) nanotubes by a moderate magnetic field. We have shown[2] that the same physical effects, 
which lead to opening of the gaps, also result in allowed dipole optical transitions, which are strongly suppressed 
away from the band edge. A combined effect of the sharp frequency dependence of the transition matrix element and 
the Van Hove singularity in the one-dimensional density of states results in strong light-matter coupling even in the 
absence of excitons[3]. A typical curvature-induced band gap in a quasi-metallic nanotube lies in the highly thought-
out terahertz (THz) frequency range, leading to proposals[2] of using this type of carbon nanotubes as THz emitters 
and detectors. It is known, however, that excitonic effects dominate the optical spectra of semiconductor carbon 
nanotubes[1] characterized by the exciton binding energy reaching up to 1eV and by strongly-bound dark exciton 
states preventing any meaningful photonic applications. Therefore, evaluating the feasibility of the proposed THz 
applications requires an understanding of the role of excitonic effects in narrow-gap nanotubes. We calculate the 
exciton binding energy in narrow band gap single-walled carbon nanotubes, accounting for the quasi-relativistic 
dispersion of electrons and holes. Exact analytical solutions of the quantum relativistic two-body problem are 
obtained for several limiting cases. We show that the binding energy scales with the band gap, and conclude on the 
basis of the data available for semiconductor nanotubes that there is no transition to an excitonic insulator in quasi-
metallic nanotubes and that their proposed THz applications are feasible. Depending on the presence of a metallic 
gate and the carrier density, exciton can be either described by a short-range electron-hole interaction potential[4] or 
by an unscreened cusp potential, similar to that considered by Loudon in the 1950s[5]. Our analysis shows that the 
Loudon potential is a good fit for the quasi-one-dimensional Coulomb potential, obtained by averaging the three-
dimensional Coulomb potential with the envelope functions. We report exact analytic solutions for the quasi-
relativistic Loudon problem for an exciton with a zero total momentum along the nanotube axis. The complex four-
component structure of the electron-hole relative motion wavefunction, which is obtained when two graphene 
sublattices and two types of particles are taken into account, results in a counterintuitive dip in the shape of the 
particle density distribution within the exciton.The vanishing exciton binding energy with decreasing the energy gap 
removes for narrow-gap nanotubes the undesirable effect of strongly-bound dark excitons, which is known to 
suppress optical emission in semiconductor nanotubes. However, the Coulomb interaction remains important as it 
smears the Van Hove singularity in the one-dimensional density of states[6]. We report the resulting shape and 
polarization properties of the terahertz emission from narrow-gap carbon nanotubes with the Coulomb effects taken 
into account, for both the long-range and short-range interaction models.  

In the second part of the talk we will be dealing with pair excitations in two-dimensional Weyl system describing 
graphene or topological insulators. We demonstrate that the excitonic insulator gap predicted some time ago [7] and 
revisited recently by several theory groups [8,9] cannot exist in back-gated graphene samples as confirmed by 
experiments [10].  A qualitatively different picture based on Bose-Einstein condensation of zero-energy excitons and 
bi-electron vortices is proposed to explain the Fermi velocity renormalization in gated graphene structures which is 
observed instead of the gap. 
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